Mode characteristics for equilateral triangles, squares, and hexagonal resonators with a center hole are numerically simulated by the finite-different time domain (FDTD) technique. The center hole does not break the symmetry behavior of the original resonators and can result in modification of the mode field patterns and mode Q factors. In an equilateral triangle resonator the center hole can suppress the symmetry state of degenerate states with the merit of single mode operation. In a square resonator, the Q factor can be enhanced for some modes with a suitable size of the hole. For a hexagonal resonator with a side length of 1 m and a refractive index of 3.2, the mode Q factors first gradually decrease with the increase of the hole diameter for modes at a wavelength of about 1500 nm, then the modes transform to that of a microdisk with a jump of the mode wavelength as the hole diameter approaches 0.7 m. Finally, the mode Q factors greatly enhance as the hole diameter reaches about 1 m. The results indicate that the center hole can greatly modify mode characteristics, especially that of the mode Q factor.
INTRODUCTION
Semiconductor microresonators with whispering-gallery modes (WGMs) have attracted great attention for basic research and device applications such as novel light sources, add-drop filters, and sensors. In addition to microdisks [1] , triangle [2] , square [3] , and hexagonal microresonators [4] were also applied for fabricating microlasers, especially for directional emission microlasers. The mode characteristics of equilateral polygonal resonators were analyzed based on the symmetry of the resonators [5] . The WGMs in equilateral polygonal resonators are usually double degeneracy, similar to that in a microdisk. To achieve single-mode operation, etched grating along the periphery of a microdisk was applied in microdisk lasers [6] . A reduction of the lasing threshold of up to 50% was realized for GaAs microdisk lasers with holes pierced through the disk surface relative to microdisk lasers without holes [7] . Furthermore, microresonators with a hole were investigated to enhance unidirectional light emission [8, 9] . In addition, mode characteristics were investigated for deformed triangle and square microresonators [10] [11] [12] .
In this paper we investigate mode characteristics for equilateral-polygonal microresonators with a center hole by two-dimensional (2D) finite-different time domain (FDTD) simulation. The numerical results show that a center hole can eliminate mode degeneracy for a triangle resonator and enhance the mode Q factor and output coupling efficiency for a square resonator with a hole of a suitable size. Furthermore, mode transformation is observed in a hexagonal resonator with the enhancement of the mode Q factor. The paper is organized as follows. In Section 2, the FDTD technique and far-field emission based on the near-field pattern is simply introduced. The elimination of degenerate modes is presented for a triangle resonator with a center hole in Section 3, and enhancements of the mode Q factor and output efficiency are investigated for a square resonator with a center hole in Section 4. In Section 5, mode transformation in a hexagonal resonator is analyzed according to the variations of mode field patterns with the diameter of the hole. Finally, the influence of the mesh cell size and the exciting source for FDTD simulation is discussed in Section 6.
FDTD TECHNIQUE AND FAR-FIELD EMISSION PATTERN
FDTD techniques [13] are used to simulate mode characteristics for 2D equilateral-polygonal microresonators with a refractive index of 3.2. The resonators are located in air, and the center hole also has a refractive index of 1. An exciting source with a cosine impulse modulated by a Gaussian function,
is applied in the FDTD simulation with the time of the pulse center t 0 , the pulse half width t w , and the center frequency of the pulse f 0 . In the simulation, the spatial cell size and the time step ⌬t are taken to be 10 nm and the Courant limit, respectively; a 50-cell perfectly matched layer (PML) absorbing boundary condition is used as the boundaries to terminate the FDTD computation window [14] ; the PML boundaries are 1 m away from the triangle and square resonators, 0.5 m from the vertices, and 0.64 m from the parallel sides of the hexagonal resonator, respectively. The wide bandwidth pulse source
(1) with t w = 500⌬t and t 0 = 1000⌬t is used to simulate mode frequencies, and the Q factors and narrow bandwidth pulse (1) with t w = 5000⌬t and t 0 = 10000⌬t, which usually cover a single resonant mode, are used to simulate mode field patterns. The time-domain outputs of one component of the electromagnetic fields are recorded at an arbitrarily selected monitor point inside the resonator as an FDTD output. Then the Padé approximation with Baker's algorithm [15] is used to transform a late FDTD output from the time domain to the frequency domain, and the mode frequencies and Q factors are obtained from the peak frequency and the ratio of the peak frequency to the corresponding 3 dB bandwidth of the peak by fitting the intensity spectra with a multipeak Lorentzian function. The late FDTD output when the exciting source (1) almost disappears is used to obtain the field intensity spectrum. After obtaining the mode frequencies, we can apply the narrow-bandwidth exciting source to simulate the corresponding mode-field distribution and calculate far-field emission patterns based on the simulated near field F z at the sides of the resonator by [13, 16] 
where F z represents the electric field E z and magnetic field H z for the TM and TE modes, respectively; r Ј = i cos͑͒ + j sin͑͒ is the unit vector of the position vector rЈ in the external region of the resonator for describing the far field; r is the position vector for expressing the near-field distribution at the sides of the resonator; the integral is along the perimeter of the resonator; n is the unit normal vector of the sides; and ‫ץ‬ / ‫ץ‬n = n · ͑i‫ץ‬ / ‫ץ‬x + j‫ץ‬ / ‫ץ‬y͒. The power angular spectrum emitting from the resonator averaged in a cycle is ͉K͉͑͒ 2 / 2 with = ͑ 0 / 0 ͒ −1/2 for the TM modes and ͑ 0 / 0 ͒ 1/2 for the TE modes, respectively.
ELIMINATION OF MODE DEGENERACY IN TRIANGLE RESONATORS
In an equilateral triangle resonator (ETR), WGMs can be classified as symmetry and antisymmetry states about the symmetric axis of the triangle resonator. They are double degenerate modes with almost the same frequency and Q factor or accidentally degenerate modes with the same frequency and different Q factors based on their longitudinal mode index [5] . The symmetry state will suffer a larger scatter loss than the antisymmetry state when introducing a suitable hole in the center of the ETR, because the antisymmetry state has zero field distribution in the center.
For an ETR with a side length of 3 m, the mode frequencies and Q factors of TM 
ENHANCEMENT OF MODE Q FACTOR AND OUTPUT EFFICIENCY FOR SQUARE RESONATORS
Considering a 2 m side square resonator with a hole in the center, we first simulate the fundamental modes TM 4, 6 and TM 5, 7 , where the subscripts are mode indices denoting the number of wave nodes in the two sides of the square resonator. The mode frequencies and Q factors versus the hole diameter are plotted in Fig. 2(a) In Fig. 2(b) we plot mode frequency and Q factor versus the hole diameter for the TM We also consider the influence of the center hole in a square resonator with an output waveguide [3, 17] . The output coupling efficiency and the Q factor of the firstorder transverse mode TM o 11,15 in a 4 m side square resonator with a 0.6 m wide output waveguide connected to the middle point of one side of the square resonator are plotted as functions of the diameter of the center hole in Fig. 5 . The output coupling efficiency is defined as the ratio of the energy flux through the output waveguide to the total emission energy flux of the resonator, where the energy flux is the integration of the Poynting vector over the corresponding cross section. As the hole diameter increases from 0 to 0.3 m, the Q factor increases 
MODE TRANSFORMATION IN HEXAGONAL RESONATOR
In this section we consider the influence of a center hole on the mode characteristics for a hexagonal resonator with a side length of 1 m and a refractive index of 3.2. The field distributions of the z directional electric field E z obtained by the FDTD simulation are plotted in Fig. 7 for (a) TM o 9,1 and (b) TM e 9,1 modes with a mode wavelength of about 1500 nm in the hexagonal resonator without the center hole, where the superscripts "o" and "e" indicate antisymmetry and symmetry states relative to the x axis, and the subscripts 9 and 1 are azimuthal and radial mode numbers. The field intensity spectra obtained by the FDTD technique and the Padé approximation are plotted in Fig. 8 as the solid, dashed, and short-dashed lines at the diameter of the center hole of (a) 0.6, 0.76, and 0.8 m, and (b) 1, 1.04, and 1.08 m, respectively, under the exciting source (1) with the pulse width t w = 500⌬t and the excitation peak at t 0 = 1000⌬t. The intensity spectra of Fig. 8 are obtained (a) under the antisymmetry condition relative to the x axis and (b) without any symmetry conditions. The mode transformation occurs as shown in Fig.  8 Fig. 9(a) . The mode Q factors reduce to about 100 as the hole diameter increases from 0 to 0.7 m, but the mode frequencies and Q factors increase quickly with a further increase of the hole diameter for the transformed TMЈ 
DISCUSSION ON MESH CELL AND EXCITING SOURCE FOR FDTD SIMULATION
In this section we discuss the influence of mesh cell size and bandwidth of the exciting source for FDTD simulation. Taking mesh cell sizes of 10 nm and 5 nm, we obtained Q factors of 1.94ϫ 10 5 and 3.22ϫ 10 5 for WGM TE 9,1 by the FDTD simulation for a 1 m radius microdisk [18] , which is about half of 5.58ϫ 10 5 calculated from the complex root of the eigenvalue equation. The Q factor of 3.3ϫ 10 5 is obtained for TMЈ e 9,1 as shown in Fig. 9 (b) with a mesh cell of 10 nm. Compromising the accuracy and the computing time, we choose a mesh cell size of 10 nm in the FDTD simulation. In Fig. 9 , we also plot the Q factor of TMЈ e 9,1 versus the hole diameter obtained by the FDTD simulation for a mesh cell of 5 nm as the dashed line, which is in good agreement with that obtained for a mesh cell of 10 nm.
Finally, the normalized intensity spectra obtained from a 30,000 to 50,000 time-step FDTD output by the Padé approximation for a 2 m side square resonator are plotted as the dashed and solid lines in Fig. 11 with narrow and wide band exciting sources with a center frequency of 150 THz at t w = 5000⌬t and t o = 10,000⌬t, and t w = 500⌬t and t o = 1000⌬t, respectively. The magnified main peaks in the inset of Fig. 11 are in good agreement. In fact, we can get a very stable intensity spectrum from the FDTD output by the Padé approximation, especially relative to the least-squares Prony's method and the generalized pencilof-functions (GPOF) method [19] . For the main modes with a high Q factor, we can get a good mode Q factor under a wide bandwidth exciting source at t w = 500⌬t and t o = 1000⌬t. But for low Q modes, it is better to use a narrow-frequency exciting source for exciting a nearsingle mode.
CONCLUSIONS
We have analyzed the mode characteristics for equilateral triangle, square, and hexagonal resonators with a center hole by FDTD simulation. The center hole can effectively eliminate degeneracy modes in the equilateral triangle resonator and enhance the Q factor and the output coupling efficiency for the square resonator. Furthermore, the mode pattern transformation and great enhancement of the mode Q factor are observed in a hexagonal resonator with a center hole of a suitable size. The center hole provides a method for further modifying mode characteristics in the resonators to achieve single-mode operation and enhance the mode Q factor instead of as a scatter center with additional radiation loss. 
